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Abstract

We study the role of investment on dynamics of macroe-
conomic models. The delay of investment is understand
as the time to build of capital goods. The result is de-
lay differential equations applied to modelling the economic
growth [3, 6]. The time lag in the investment is responsi-
ble for complexity of economic evolution in short and long
run. The long run effects determine characteristics of eco-
nomic development. The possibility of description of irreg-
ularities forced by delay in growth paths is considered. We
also investigate optimal consumption in terms of advanced-
retarded differential equations.

1. Introduction

We present two models of economic phenomena. First, the
model of business cycle where a time delay in investment
process causes endogenous cycles to reproduce economic
fluctuations. Second, the model of economic growth where
production lags are responsible for the irregularities on the
long-run growth path. The idea of using delay differen-
tial equations to model business cycles was proposed by
Kalecki [2]. He considered a gestation period between tak-
ing investment decisions and delivering capital goods, and
showed formally that endogenous cycles can be generated.
To study of nonlinear behaviour of models we use tech-
niques of functional analysis and bifurcation theory. For de-
termining the cyclic behaviour the Poincaré-Andronov-Hopf
bifurcation theorem is used which has been generalized for
delay differential equations [1]. The Hopf theorem predicts
bifurcation to a limit cycle when (a) the real part of a pair of
complex conjugate (with nonzero imaginary part) eigenval-
ues λ of the characteristic equation changes its sign from
negative to the positive as a bifurcation parameter T is var-
ied, and (b) the derivative of the real part of the eigenvalue
with the respect to the parameter T is positive as real part
σ passes through zero

d

dT
Reλ(T )|T=Tbi

> 0. (1)

2. The model of business cycle

We formulate the Kaldor-Kalecki model of business cycle
as the time-delay differential equation system [3, 7, 5, 8]

dY

dt
= α[I(Y (t), K(t))− S(Y (t), K(t))] (2)

dK

dt
= I(Y (t− T ), K(t))− δK(t). (3)

where I is the investment and S is the saving function, Y
is gross product, K is capital stock, α is the adjustment co-
efficient in the goods market, δ is the depreciation rate of
the capital stock, and the time delay T is a constant aver-
age lag between investment decision and implementation
of new capital.
The saving function S depends only on Y and is linear such
that SY = γ ∈ (0, 1). Additionally, we assume that the invest-
ment function I(Y,K) separates in respect to its two argu-
ments and both are linear such that IY > 0, IK = β < 0 then
I(Y,K) = ηY + βK. With these assumptions the Kaldor-
Kalecki dynamical system has the form

Ẏ ≡ dY

dt
= αηY (t) + αβK(t)− αγY (t) (4)

K̇ ≡ dK

dt
= ηY (t− T ) + (β − δ)K(t) (5)

or equivalently

Ÿ (t) + f (Y )Ẏ (t) + g(Y ) = 0, (6)

where

f (Y (t)) = −α ∂I
∂Y

+ αγ − β + δ

g(Y (t), Y (t− T )) = α(η − γ)(β − δ)Y (t)− αβηY (t− T ).

If we assume a solution of eq. (6) in the form Y (t) = eλt, we
derive the eigenvalue equation

λ2 + Aλ + B + De−λT = 0 (7)

where A, B and D are constant

A = −αη + αγ − (β − δ)

B = α(η − γ)(β − δ)

D = −αβη.
We assume the eigenvalue in the form λ = σ + iω and write
the real and imaginary parts of the eigenvalue equation as

σ2 − ω2 + σA + B + De−σT cosωT = 0 (8)
2σω + ωA−De−σT sinωT = 0 (9)

The limit cycle bifurcation occurs when the real part of a
complex conjugate pair of eigenvalues changes its sign
from negative to positive. Putting σ = 0 and y = ωT , first we
solve eq. (9) then eq. (8) and obtain

Tbif =
A

D

y

sin y
=
A

D

arccos z

sin(arccos z)
=
A

D

arccos z
π
2 − z

where

z1,2 =
1

2D

(
−A2 ∓

√
A4 − 4(A2B −D2)

)
.

We saw that condition (a) occurs in the Kaldor-Kalecki
model as the time-delay parameter is increased. We can
verify condition (b) by differentiating the eigenvalue equa-
tion (7), which yields

∂λ

∂T
=

λDe−λT

2λ + A−DTe−λT
and it follows∣∣∣∣∂σ∂T

∣∣∣∣
T=Tbif

=
D(Aω sinωT + 2ω2 cosωT )

(2ω + TD sinωT )2 + (A− TD cosωT )2

If we assume that A/D ≥ 0 (D is always positive) then
∂σ
∂T |T=Tbif

is positive for the argument y = ωT ∈ [−π2 ,
π
2 ].

Moreover we can determine the period of an orbit by

P =
2π

|λ(Tbif)|
=

2πTbif

|y|
.

In Fig. 1 it is shown the dependence of the bifurcation pa-
rameter on z. And the amplitude of this relation is equal
A/D and corresponds the value of z = 0. In the right panel
it is checked that the derivative of a real part of the eigen-
value with respect to T is positive for small y.
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Figure 1: The dependence of bifurcation parameter Tbif on
z = cos y (left). The dependence of ∂σ∂T |Tbif

on y (right).

3. The model of economic growth

Assuming that the rate of change of the capital stock at mo-
ment T is a function of the productive capital stock at t− T ,
and capital stock depreciates at the rate δ ∈ [0, 1] we obtain
the following dynamic equation [9, 6]

k̇ = sf (k(t− T ))− δk(t− T ), (10)
k(t) = φ(t) for t ∈ [−T, 0],

where f (k) is a neoclassical production function (that is
continuous, increasing, and strictly concave in variable k),
and s ∈ (0, 1) is a constant saving rate. Instead of an initial
point value for an ordinary differential equation, the initial
function φ(t) is required which is defined over the range of
time delimited by the delay.
Let start from the local stability analysis and consider the
unique critical point k∗ for which

sf (k∗) = δk∗. (11)

Such a point exists if f (k) satisfies the Inada conditions.
After the linearization of the right-hand side of system (10)
at the critical point we obtain

k̇(t) = sf ′(k)|k=k∗(k − k∗)(t− T )− δ(k − k∗)(t− T ). (12)

We shift the origin to the critical point by introducing the new
variable z(t) = k − k∗, then eq. (12) can be rewritten as

ż = [sf ′(k)|k=k∗ − δ]z(t− T ). (13)

To find the presence of cyclic behaviour we assume k(t) =
eλt and consider the characteristic equation for eq. (13)

h(λ) = λ− Ae−λT = 0. (14)

To check whether a limit cycle is created by the Hopf bifur-
cation, we, first, find the bifurcation value of the time delay
parameter, T = Tbi. For this purpose it is sufficient to show
the existence of a unique pair of the complex conjugated
solutions of (14) (λ, λ̄). After applying Euler’s formula, and
decomposing the characteristic equation (14) into real and
imaginary parts of an eigenvalue λ = µ + iω we obtain

µ− Ae−µT cosωT = 0 (15a)
ω + Ae−µT sinωT = 0. (15b)

To find the Hopf cycle we look for (ωbi, Tbi) when a pair of
roots of (15) is purely imaginary, i.e. µ = 0. Given A < 0 by
assumption we obtain the following solution

ωbi = −A and Tbi = − 1

A

(4m + 1)π

2
, m = 0, 1, 2, . . . .

(16)
The first order bifurcation (m = 0) appears when Tbi =
−π/(2A) and therefore, we can determine the period of os-
cillation P ∼= 2π/ω as

P = −2π

A
= 4Tbi > 0. (17)

Note that m appears only in the calculation of Tbi. There-
fore, there is a unique value of ω, and consequently, the
period P corresponds to a periodic orbit. We obtain one
distinguished period, called the main cycle, which has the
economic meaning because its period is longer than the bi-
furcation value of time delay parameter and all other cycles
with m ≥ 1 are excluded. The period of the main cycle de-
pends only on A, i.e., the production function, the saving
rate, and the depreciation rate.
The next step in proving the existence of the Hopf bifur-
cation is checking that there is no other eigenvalues with
Reλ = 0. If the real value µ exists then from (15) we have

µ = Ae−µT , λ = µ. (18)

By consideration of the characteristic polynomial h(λ) =
λ− Ae−λT we observe that h(λ) > 0.
The last step is to check the transversality condition. Differ-
entiation of eq. (14) gives

∂λ

∂T
= sign

[
ω2

(1 + Tµ)2 + T 2µ2

]
> 0.

The confirmation of this property ends our proof of the ex-
istence of the Hopf cycle. The limit cycle in the delay Solow
model is presented in Fig. 2.
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Figure 2: The limit cycle in the Solow model with time delay.

4. Conclusion

We studied two economic models described by delay differ-
ential equations. The time delay was the period of between
the starting and finishing the investment. Both in the model
of business cycle and the model of economic growth the
cyclic behaviour can appear for some specific values of pa-
rameters due to the Hopf bifurcation where the time delay
parameter is the bifurcation parameter.
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