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Abstract We have developed a way of describing the increase with time of
the number of papers in a scientific field and apply it to a data base of about
2000 papers on symbolic logic published between 1666 and 1934. We find (a)
a general exponential increase in the cumulative total number of papers, (b)
oscillations around this due to the appearance of new ideas in the field and
the time required for their full incorporation, and (c) exogenously caused
fluctuations due to wars and other non-scientific events.

1 Introduction

One of the most interesting aspects of a development of societies and civilisa-
tions is a role of knowledge understood as accumulated facts and experiences.
In this way the knowledge can be naturally interpreted as science and technol-
ogy. Therefore, we investigate the evolutional models of knowledge derived
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from the scientometrics analysis of science, trying to describe its increase
with time.

There have been many propositions on the mechanisms of science devel-
opment so far. De Solla Price introduced the hypothesis of an exponential
growth of scientific results and verified it on a large historical data set [4].
His research opened discussions in the scientometrics community which in-
spired many alternative roads to tackle the problem. As a consequence the
statistical investigation of science became popular [8].

Another approach is based on an analogy with ecological models of grow-
ing population (e.g., [12]). Puzikov and Kasjanov [13] analysed the expansion
of money spending on science in the USA using the Lotka-Volterra equation.
In Goffman’s approach, the processes of the development of a scientific field
is treated as isomorphic with the processes of epidemic spread [5].

Let us notice that knowledge plays a very important role in the economic
growth theory. Here, knowledge is treated as an important production factor
which is one of the main causes of wealth in modern capitalistic societies. It is
usually assumed that knowledge grows with a constant rate and it is treated
as an exogenous factor. There are also many attempts at parametrisation of
knowledge in an endogenous way, e.g. as human capital [14,1].

As is well known, various economic and social processes can successfully
be modelled in terms of systems of differential equations called dynamical
systems. Since the process of growing science is similar to other economic and
social processes (it is, in fact, itself a social process) as far as the degree of its
complexity is concerned, treating it as a dynamical system seems naturally.

We have chosen published papers and monographs in a symbolic logic
as an indicator of growth of knowledge because there is a good data base
of papers published in the field between 1666 and 1934 compiled by Church
[2,3]. Moreover, some papers are categorised as important and very impor-
tant because of their increasing impact on the development of the field. The
expertise of Church in this subject justifies the value of this compilation of
empirical material.

In the present work, we construct a model of scientific growth in a given
domain. We prefer the term “growth” rather than a term “progress” not to
presuppose, in the terminology itself, that this process has really a progressive
character. It could happen that a given chain of works will finally lead to a
blind alley, but in the meantime it could exhibit a growing character to which
our model could apply. The assumptions on which our model is based are
the following.

1. The growth in question is measured by the number of important pub-
lications appearing at a given time. When testing the model the importance
of a scientific publication should be determined in an operational sense, for
instance, on the basis of the Citation Index or by the decree of a scientific
authority, as it was the case when Alonso Church composed a list of publi-
cations in logic for the period 1847-1932 and marked on it those items which
he considered fundamental. We assume that the number of important pub-
lications determines the state of science at a given time. We use the term
“state of science”, but we mean the state of a given branch of science, or a
research program, or a given theory, depending on the modelled domain.
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2. The growth of science has a continuous character but there exists a
finite time period T needed to build up a result of the fundamental character.
Further we assume that T is constant. Of course, it would be more realistic
to assume a certain probability distribution for T , but we postpone this for
another occasion. Our assumptions concerning T are better satisfied in some
branches of strict sciences, such as mathematics or mathematical physics
than in those scientific domains that strongly depend on empirical results.
Such a result could cause a serious discontinuity in the process of growth.

3. We also neglect the interactions between various scientific domains,
and assume that the modelled domain is an isolated system that is modelled
by the equation

dx

dt
= αx(t − T ) (1)

where α is a proportionality constant. The initial condition y(t) = φ(t) is
defined on the interval [−T, 0]. This equation is the basis of the present
work. We shall also consider its generalisations or modifications.

Equation (1) states that the rate of scientific growth is proportional to
the number of important publications at the present time t minus the time
period T required to built up a fundamental result. It is very well known
from the history of science that a certain time must elapse between the first
appearance of a given scientific concept or method and its full exploitation
in science.

2 Model of growth of scientific results

The process of scientific growth is inseparably linked to the fact that some
results are getting old and finally are replaced by new ones. The latter are
usually more general than the former, and include them as “limiting cases”.
This process, as described by Müller [12], leads to the following equation

dx

dt
= αx(t) − βx2(t). (2)

Equation (2) can be solved for x and the initial condition x(0) = 0; the
solution is

x(t) =
α

β

(

1 − e−αt
)

. (3)

This is the equation of the logistic curve. For t = ∞ it reaches the saturation
x0(t) = α

β . Dynamical system (2) has a stable node at this point.

We can also discretise the model, i.e., assume dx
dt = xt+1 − xt. In such a

case, differential equation 2 assumes the form of a map

xt+1 = (α + 1)xt − βx2
t , xt ∈

[

0,
α

β

]

(4)

which is very well known in the literature because of its Feigenbaum univer-
sality and the presence of chaos. Let us notice that the variable xt belongs to
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the interval [0, 1]. We introduce the new variable ut = β
α+1xt, β 6= 0 which

gives us

ut+1 = rut(1 − ut) (5)

where r = α + 1. Since t → ∞, x∞ = α
β then u∞ = α

α+1 < 1 which means

that we have here the logistic map for 0 < u < 1. It can be shown that, for
3 ≤ r ≤ 4 equation (4) exhibits chaotic behaviour, whereas for 1 < r < 3
there exist only “large” periodic orbits with no chaos.

We shall assume that β is a small parameter. If β ∼= 0, the parameter α
admits a natural interpretation as a constant rate of growth of the results.
The parameter 1/α has the dimension of time, it represents the time after
which one has the e-fold growth of results or e-folding time (it is also called
the Lapunov time).

In the scientometrics approach one is often interested in the double in-
crease time defined as

τ =
ln 2

α
= tLap ln 2 ∼=

2

3α
=

2

3
tLap.

It follows from the analysis of Goffman and Harman [6] that one or two
important works appear in 12.5-year cycles (in the period investigated by
them). This gives us the double increase time equal to about 25 years. Today
this time strongly depends on a specific nation, its richness, scientific domain,
etc. If we assume that τ = 10 years, we would have α = 2

30
∼= 0.07.

The parameter α turns out to be correlated with the increasing rate
of change of knowledge, considered as an exogenous constant in economic
discussions. The rate of growing of knowledge is assumed to be 0.05 in the
economic growth theory.

In this analysis we have assumed that the number of scientists is con-
stant and normalised to unity and considered the cumulative total number
of papers. In the next section we consider the model with varying popula-
tion of scientists. We assume the simplest case of exponential growth of their
number. It means that we will investigate the evolution of average number
of papers per scientist. Note that we will study the average number of all
papers without their importance.

3 Models with a delay time and constant rate growth of

population of scientists

Dynamical system (1) is very simple because its right-hand side is linear. In
general it can be postulated in the nonlinear form

ẋ = f(x(t − T ), x(t))

where f(t−T ) is a homogeneous function of degree one. The simplest form of
such a function is a linear function and the de Solla Price model is obtained
when the delay is zero. Let us introduce the change of population of scientists
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as an important factor in the growth of scientific field. We assume that the
population grows at the constant rate n

L̇

L
= n.

Let us introduce the variable
z = x/L

Then the model has the form

dz

dt
= αz(t − T ) − nz(t).

This equation describes the evolution of the number of papers written by
a scientist. We can see that if the rate of change of population growth is
zero we obtain the de Solla Price model of exponential growth. The above
equation is still linear but now the cyclic behaviour may appear because of
the feedback between the delayed and non-delayed terms.

To show the existence of the cyclic behaviour in this model we use meth-
ods of the bifurcation theory. The role of a control parameter in the model
is played by the delay parameter T . First, we consider the characteristic
equation

λ = αe−λT − n (6)

Next we assume that the eigenvalue is complex λ = σ + iω. By inserting
λ = σ + iω we obtain

σ = αe−σT cosωT − n (7a)

−ω = αe−σT sin ωT. (7b)

The bifurcation value T = Tbi leading to periodic orbit is obtained by sub-
stituting σ = 0. Then, system (7) can be solved in an exact form

ωbiTbi = − arctan
(ωbi

n

)

+ jπ (8a)

ωbi = ±
√

α2 − n2. (8b)

Let us notice that these equations are symmetric with respect to the reflection
ω = −ω which means that if λ is a solution then λ̄ is a solution as well.
Therefore, we may assume ω > 0. From these equations we can find ω(Tbi),
and then the period P = 2π

|ω(Tbi)|
. The period of the principal cycle (j = 0) is

given by

P ≃
2π

√

α2 − β2
. (9)

We can also show that the period of the principal cycle is distinguished,
because it is the only period longer than the bifurcation parameter value.
The interpretation of minor cycles with periods shorter then the bifurcation
parameter value is unattainable. This bifurcation analysis yields the cyclic
behaviour in the system for some T in the close neighbourhood of Tbi. In the
phase space we obtain an infinite number of isolated closed orbits.
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From the above solutions we can draw the following conclusions:
1. If n = 0 the period of the unique cycle that is not shorter than tbi is

P =
2π

α
.

2. We can readily find the dependence between the bifurcation time Tbi

and the period of the principal cycle P . If α ≫ n then

P = 4Tbi.

3. From (8) we find that the bifurcation time Tbi (if n = 0) is given by

Tbi =
π

2α
.

In general

Tbi =
1

α

√

1 −
(

n
α

)2
arctan

√

(α

n

)2

− 1. (10)

The graph presenting Tbi as the function of α, for n/α = 1/3 is shown in
Fig. 1. As it can be observed, to generate a long-term cycle one must assume
relatively large delay time; e.q., for Tbi = 25 years (this is approximately the
length of the active period in the life of a scientist), one obtains P = 100
years. The parameter n diminishes this value.

We can see that, for a value of T from the suitable neighbourhood of Tbi,
the system has a periodic solution which in the phase space is represented by
the isolated periodic orbit of a given period because the system considered
is linear.

4 Dynamics of empirical sciences

When we consider only theoretical results in science we neglect one impor-
tant factor which influences new ideas. Natural sciences have an empirical
character and all observational and experimental data create their firm foun-
dations. There is a feedback between theory and observations which we must
take into consideration.

In this section we present analytical solutions of the boundary problem for
dynamics of empirical sciences, where both theory and observations makes
new results possible. On the one hand, following Blavais and Kochen we
assume that new important papers are the result not only of rethinking the
past knowledge but also analysing the data in a given domain of science.
On the other hand the theoretical developments direct the empirical studies.
Theory helps to project experiments indicating observables which we should
measure to test hypotheses.

For example, many cosmological questions are expected to be answered
when we get higher precision of measurements of fluctuations in the cosmic
background radiation. This hope drives many satellite programmes in as-
trophysics. These missions increase the available data. There is evidence in
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Fig. 1 The graph of Tbi with n/α = 1/3 as the function of α given by (10).

different domains of science that the amount of data grows with a constant
rate [15]. That is why we add it to our assumptions.

Let us formulate our model in terms of differential equations

ẋ(t) = αx(t − T ) + βẏ (11a)

ẏ(t) = gy(t) (11b)

where x is a number of important papers and y is a measure of the empirical
data. The number of new papers depends on the velocity of growing empirical
results. More new data generate more new theoretical papers.

Equation (11) can be rewritten as a single non-autonomous equation

ẋ = αx(t − T ) + βgegt. (12)

It is helpful to introduce a new variable z such that

z(t) = x(t)e−gt. (13)

Then
ż = αe−gT z(t − T ) − gz(t) + βg (14)

is an autonomous equation.
The constant term in (14) can be eliminated after moving a critical point

of (14) z∗ to the origin with the substitution

w(t) = z(t) − z∗ (15)
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which gives
ẇ = αe−gT w(t − T ) − gw(t) (16)

where the critical point is

z∗ =
βg

g − αe−gT
.

The further simplification can be obtained by another substitution

u(t) = egtw(t). (17)

The final equation has the form

u̇(t) = αu(t − T ). (18)

This is a first-order delay differential equation which is our basic equation
(1).

5 Analysis of bibliographic data

In the analysis of bibliographic data it is sufficient to consider a linear model
with time delay (1) where the cumulative total number of papers is consid-
ered. It is interesting that it is possible to obtain the exact solution of (1)
with α > 0 in terms of eigenvalues of the linearisation matrix. The character-
istic equation is of the transcendental form and admits the infinite number
of complex solutions

x(t) = C0e
rt +

∞
∑

k=1

epkt(C1k cos(qkt) + C2k sin(qkt))

where λk = pk ± iqk are complex roots of the characteristic equation λ =
αe−λT ; r is a real root of the characteristic equation; and C0, C1k, C2k

are arbitrary constants. What is unexpected in this model is that it admits
oscillations while the system is linear. The first term in the general solution
represents the exponential part, while the sum describes fluctuations along
this trend. We start with an estimation of this base trend.

Church prepared the bibliographic list of more than 2000 works in sym-
bolic logic published in 1666-1934 [2,3]. The cumulative numbers of works
in this period is presented in Fig. 2. One can observe that data exhibit an
exponential trend with some periodic oscillation.

First we can estimate the exponential curve from this data. The standard
analysis of linear regression for ln(x) = b + at where x is the cumulative
number of works in time t, and b, a are constants, yields

ln(x) = −40.4598 + 0.0243450t. (19)

with R2 = 0.938232.
The regression is shown in Fig. 3. We can see that some oscillations exist

around on the exponential trend. In the previous section we argued that the
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Fig. 2 The cumulative number of works x in period 1666–1934.

time required to build a result on the old ones is the cause of the oscillation
around this exponential trend.

So far, we considered the delay in perception of scientific results as the
main source of oscillations. On the other hand we cannot exclude the exoge-
nous factors which have influence on science development. We cannot neglect
the social and political events which should add to irregularities in the devel-
opment of science. To corroborate this we use the CUSUM test for parameter
stability [7]. The test is performed for regression of ln(x) with respect to year
(the first 15 observations from the data set were excluded). The cumulated
sum of the scaled forecast errors is calculated and presented in Fig. 4. The
null hypothesis of parameter stability is rejected at the 5 percent significance
level if the cumulated sum strays outside of the 95 percent confidence band.
We can see that it happens in periods 1793-1798 and from 1917 onward. We
can link up these periods with the French revolution and the World War I.

6 Conclusions

In this paper we presented a description of knowledge more realistic than the
simple exponential growth. We showed that development of knowledge could
be seen as an increase of the number of papers and monographs published
in a given field of science. This growth has the exponential character but
we found that there are some irregularities around the trend. As the cause
of this fluctuations we considered the time delay interpreted as time passed
between the publishing of a fundamental, important paper and papers based
on it.
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Fig. 4 The CUSUM test for parameter stability of regression (19) with 95% con-
fidence level.

We have constructed a model of the growth of a field of science in which
the growth is measured by the number of important works. We have also
shown that in these models there exists a mechanism of a cyclic behaviour.
This scenario corresponds to a bifurcation leading to periodic orbits. If the
delay time (a time needed to built up a given scientific concept) is large
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enough, then the long term cycles appear with the period equal to about
4Tbi.

The above model has been generalised to the case when the population
of scientists changes in a constant rate. We have demonstrated the existence
of cycles in the number of important works per scientist.

The most general approach is to define a “production function” in science

Y = F (X)

where Y is a number of papers published in a given year, X the main factor
which determine the amount of published papers (e.g., the number of all
works in a given domain of science, spending on scientific research etc.).

Gupta and Karisiddappa [10] presented the model of development of cu-
mulated number of papers. They argued that their model is more adequate
than simple exponential and logistic models. In their model the rate of change
of number of publications is of the power-law type

dx(t)

dt
= atb (20)

where the constants a and b are positive. It is easy to see that their model
can be reduced to the form

dx(t)

dt
= αxb/b+1 = αf(x). (21)

and then the “production function” f(x) extracted from this model has the
power-law form.

The great merit of these models is their simplicity. Their status could be
compared with that of mechanical two-body models. Nobody has ever seen
two isolated bodies in nature, but these models work well and are useful
in explanations of many phenomena. Whether this is the case as far as our
models are concerned, must be decided on empirical grounds by comparing
the parameters appearing in these models with their values deduced from
data referring to the real development of various domains of science.
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