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Abstract

Recent astronomical observations indicate that the Universe is in the phase of accelerated expan-

sion. There are many cosmological models which explain this phenomenon, but should we prefer

those models over the simplest one – ΛCDM model? According to the Occam’s razor principle if

all models describe the observations equally well we should prefer the simplest one. We consider

the model comparison methods which involve such rules: the Akaike information criterion (AIC),

Bayesian information criterion (BIC) and Bayesian evidence to compare the ΛCDM model with its

generalisation where the interaction between dark matter and dark energy is allowed. The analyses

based on the AIC and Bayesian evidence indicate that there is only a weak evidence in favour of

the ΛCDM model over its generalisation, while those based on BIC quantity indicate the strong

evidence in favour the simpler model. We also calculate some quantity which measure the effective

number of model parameters that the given data can constrain. This value is used to compare the

concordance LCDM model with its generalization basing on the extended interpretation of continu-

ity condition-interacting ΛCDM cosmology. We conclude that data set are not enough informative

to constrain all parameters allows to vary in the models.
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I. INTRODUCTION

Recent observations of type Ia supernova (SNIa) provide the main evidence that current

Universe is in an accelerating phase of expansion [1]. Cosmic microwave background (CMB)

data indicate that the present Universe has also negligible space curvature [2]. Therefore if we

assume the Friedmann-Robertson-Walker (FRW) model in which effects of nonhomogeneities

are neglected, then the acceleration must be driven by dark energy component X (matter

fluid violating the strong energy condition ρX + 3pX ≥ 0). This kind of energy represents

roughly 70% of the matter content of the current Universe. Because the nature as well

as mechanism of the cosmological origin of the dark energy component are unknown some

alternative theories try to eliminate the dark energy by modifying the theory of gravity

itself. The main prototype of this kind of model is covariant brane models based on the

Dvali-Gabadadze-Porratti (DGP) model [3] as generalized to cosmology by Deffayet [4].

The simplest explanation of a dark energy component is the cosmological constant with

effective equation of state p = −ρ but appears the problem of its smallness and hence its

relatively recent dominance. Although the ΛCDM model offers possibility of explanation of

observational data it is only effective theory which contain the enigmatic theoretical term

– the cosmological constant Λ. Other numerous candidates for dark energy description

have also been proposed like to evolving scalar field [5] usually referred as quintessence,

the phantom energy [6, 7], the Chaplygin gas [8] etc. Some authors believed that the dark

energy problem belongs to the quantum gravity domain [9].

These theoretical models are consistent with the observations, they are able to explain the

phenomenon of the accelerated expansion of the Universe. But should we really prefer such

models over the ΛCDM one? To answer this question we should use some model comparison

methods to confront existing cosmological models having observations at hand.

Let us assume that we have N pairs of measurements (yi, xi) and that we want to find the

relation between the y and x quantities. Suppose that we can postulate k possible relations

y ≡ fi(x, θ̄), where θ̄ is the vector of unknown model parameters and i = 1, . . . , k. With the

assumption that our observations come with uncorrelated gaussian errors with mean µi = 0

and standard deviation σi the goodness of fit for the theoretical model is measured by the
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χ2 quantity given by

χ2 =
N∑

i=1

(fl(xi, θ̄)− yi)
2

2σ2
i

= −2 ln L, (1)

where L is the likelihood function. For the particular family of models fl the best one

minimize the χ2 quantity, which we denote fl(x, ˆ̄θ). The best model from our set of k

models f1(x, ˆ̄θ), . . . , fk(x, ˆ̄θ) could be the one with the smallest value of χ2 quantity. But

this method could give us misleading results. Generally speaking for more complex model

the value of χ2 is smaller, thus the most complex one will be choose as the best from our

set under consideration.

A clue is given by so called Occam’s razor principle: “If two models describe the observa-

tions equally well, choose the simplest one.” This principle has aesthetic as well as empirical

justification. Let us quote simple example which illustrate this rule [10] and present it in

Figure 1. We see the black box and the white one behind it. One can postulate two models:

1. There is one box behind the black box, 2. There are two boxes of identical height and

colour behind the black box. Both models explain our observations equally well. According

to the Occam’s razor principle we should accept the explanation which is simpler so that

there is only one white box behind the black one. Is not it more probable that there is only

one box than two boxes with the same height and colour?

HYPOTHESIS 1
HYPOTHESIS  2

OBSERVATION

FIG. 1: Illustration to the example explaining the Occam’s razor principle.

We could not use this principle directly because the situations when two models explain

the observations equally well are rare. But in the information theory as well as in the

bayesian theory there are methods for model comparison which include such rule.
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In the information theory there are no true models. There is only reality which can be

approximated by models, which depend on some number of parameters. The best one from

the set under consideration should be the best approximation to the truth. The information

lost when truth is approximated by model under consideration is measured by so called

Kullback-Leibler (KL) information so the best one should minimizes this quantity. It is

impossible to compute the KL information directly because it depends on truth which is

unknown. Akaike [11] found approximation to the KL quantity which is called the Akaike

information criterion (AIC) and is given by

AIC = −2 lnL+ 2d, (2)

where L is the maximum of the likelihood function and d is the number of model parameters.

Model which is the best approximation to the truth from the set under consideration has

the smallest value of the AIC quantity. It is convenient to evaluate the differences between

the AIC quantities computed for the rest of models from our set and the AIC for the best

one. Those differences (∆AIC) are easy to interpret and allow a quick ‘strength of evidence’

for considered model with respect to the best one. The models with 0 ≤ ∆AIC ≤ 2 have

substantial support (evidence), those where 4 < ∆AIC ≤ 7 have considerably less support,

while models having ∆AIC > 10 have essentially no support with respect to the best model.

It is worth noting that the complexity of the model is interpreted here as the number

of its free parameters that can be adjusted to fit the model to the observations. If models

under consideration fit the data equally well according to the Akaike rule the best one is

with the smallest number of model parameters (the simplest one in such an approach).

In the Bayesian framework the best model (from the model set under consideration)

is that which has the largest value of probability in the light of data (so called posterior

probability) [12]

P (Mi|D) =
P (D|Mi)P (Mi)

P (D)
, (3)

where P (Mi) is a prior probability for the model Mi, P (D) is normalization constant

[P (D) =
∑k

i=1 P (D|Mi)P (Mi)], D denotes data. P (D|Mi) is the marginal likelihood, also

called evidence

P (D|Mi) =

∫
P (D|θ̄, Mi)P (θ̄|Mi)dθ̄ ≡ Ei, (4)

where P (D|θ̄, Mi) is likelihood under model i, P (θ̄|Mi) is prior probability for θ̄ under model

i.
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Let us note that we can include the Occam’s razor principle by assuming the greater prior

probability for simpler model, but this is not necessary and rarely used in practice. Usually

one assume that there is no evidence to favor one model over another which cause to equal

value of prior for all models under consideration. It is convenient to evaluate the posterior

ratio for models under consideration which in the case with flat prior for models is reduced

to the evidence ratio (so called the Bayes factor B). The interpretation of the logarithm

of Bayes factor values are as follows: 0 < ln B ≤ 2 as a weak, 2 < ln B ≤ 6 as a positive,

6 < ln B ≤ 10 as a strong and ln B > 10 as a very strong evidence in favor better model.

This quantity involves the Occam’s razor rule. Let us simplify the problem to illustrate how

this principle works here [10, 13].

Assume that P̄ (θ̄|D,M) is the non normalized posterior probability for the vector θ̄ of

model parameters. In this notation E =
∫

P̄ (θ̄|D, M)dθ̄. Suppose that posterior has a

strong pick in the maximum: θ̄MOD. It is reasonable to approximate the logarithm of the

posterior by its taylor expansion in the neighbour of θ̄MOD so we finished with the expression

P̄ (θ̄|D, M) = P̄ (θ̄MOD|D,M) exp
[−(θ̄ − θ̄MOD)T C−1(θ̄ − θ̄MOD)

]
, (5)

where
[
C−1

]
ij

= −
[

∂2 ln P̄ (θ̄|D,M)
∂θi∂θj

]
θ̄=θ̄MOD

. Posterior is approximated by the gaussian distri-

bution with the covariance matrix C and the mean θ̄MOD. The expression for the evidence

take a form E = P̄ (θ̄MOD|D, M)
∫

exp
[−(θ̄ − θ̄MOD)T C−1(θ̄ − θ̄MOD)

]
d θ̄. Because the pos-

terior has a strong pick near the maximum, the most contribution to the integral comes

from the neighbour close to θ̄MOD. Contribution from the other other region of θ̄ can be

ignored, so we can expand the limit of the integral to whole Rd. With this assumptions

one can obtain E = (2π)
d
2

√
det CP̄ (θ̄MOD|D,M) = (2π)

d
2

√
det CP (D|θ̄MOD,M)P (θ̄MOD|M).

Suppose that the likelihood function has sharp pick in ˆ̄θ and the prior for θ̄ is nearly flat in

the neighbour of ˆ̄θ. In this case ˆ̄θ = θ̄MOD and the expression for the evidence takes the form

E = L(2π)
d
2

√
det CP (ˆ̄θ|M). The (2π)

d
2

√
det CP (ˆ̄θ|M) quantity is called the Occam factor

(OF). When we consider the case with one model parameter with flat prior P (θ|M) = 1
∆θ

the Occam factor OF= 2πσ
∆θ

which can be interpreted as the ratio of the volume occupied by

the posterior to the volume occupied by prior in the parameter space. The more parameter

space wasted by the prior the smaller value of the evidence. It is worth noting that the

evidence does not penalize parameters which are unconstrained by the data [14].

As the evidence is hard to evaluation an approximation to this quantity was proposed by
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Schwarz [15] so called Bayesian information criterion (BIC) and is given by

BIC = −2 lnL+ 2d ln N, (6)

where N is the number of the data points. The best model from the set under consideration

is this which minimize the BIC quantity. It is also convenient to analyse the difference

between BIC quantities for the rest models from our set with the BIC for the best one.

These differences could be interpreted in the following way: 0 < ∆BIC ≤ 2 as a weak,

2 < ∆BIC ≤ 6 as a positive, 6 < ∆BIC ≤ 10 as a strong and ∆BIC > 10 as a very strong

evidence in favour of a better model.

One can notice the similarity between the AIC and BIC quantities though they come from

different approaches to model selection problem. The dissimilarity is seen in the so called

penalty term: ad, which penalize more complex models (complexity is identified here as the

number of free model parameters). One can evaluated the factor by which the additional

parameter must improve the goodness of fit to be included in the model. This factor must

be greater than a so equal to 2 in the AIC case and equal to ln N in the BIC case. Notice

that the latter depends on the number of the data points.

It should be pointed out that presented model selection methods are widely used in

context of cosmological model comparison [13, 14, 16–35].

We should keep in mind that conclusions based on such quantities depend on the data at

hand. Let us mention again the example with the black box. Suppose that we made a few

steps toward this box that we can see the difference between the height of the left and right

side of the white box. Our conclusion change now.

Let us quote example taking from [25]. Assume that we want to compare the Newtonian

and Einsteinian theories in the light of the data coming from laboratory experiment where

general relativistic effects are negligible. In this situation Bayes factor between Newtonian

and Einsteinian theories will be close to unity. Whereas comparing the general relativistic

and Newtonian explanations of the deflection of a light ray that just grazes the sun’s surface

give the Bayes factor ∼ 1010 in the favor of the first one (and even greater with more accurate

data).

Having this in mind an interesting supplement to the above considerations seems to be

quantity which measure the effective number of model parameters (Cb) that the given data
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set can constrain [31, 34]. It can be computed using the relation

Cb = χ2(θ̄)− χ2(ˆ̄θ), (7)

where the mean is taken over the posterior pdf for θ̄ and ˆ̄θ is the mode of the posterior

pdf (different choices are also possible). As have been shown this quantity correspond to

the number of parameters for which the width of the posterior probability distribution

is significantly narrower than the width of the prior probability distribution [31]. These

parameters can be considered to have been well measured by the data given our prior

assumption in the model. It helps to determine if the data is informative enough to measure

the parameters under consideration.

We share with George Efstathiou opinion [36–38] that there is no sound theoretical basis

for considering the dynamical dark energy, where as we are beginning to see an explanation

for a small cosmological constant emerging from more fundamental theory. In our opinion

the ΛCDM model has the status of satisfactory effective theory. Estathiou argued why

the cosmological constant should be given higher weight as a candidate for dark energy

description than dynamical dark energy. In this argumentation Occam’s razor is used to

point out a more economical model explaining the observational data. On the other hand

Biesiada advocated the use of Akaike information criterion which favour rather a dynamical

model of dark energy (quintessence model) [27]. In our opinion quantification of Occam’s

razor by computing Bayesian evidence and Bayesian information criterion is more suitable

as the AIC is unadequate for many statistical problems [39].

The main aim of this paper is to compare the simplest cosmological model – ΛCDM

model – with its generalisation where the interaction between dark energy and dark matter

sector is allowed using methods described above.

II. INTERACTING MODEL

The interacting interpretation of continuity condition (conservation condition) was inves-

tigated in the context of the coincidence problem since the paper Zimdahl [40], for recent

developments in this area see Olivares et al. [41, 42], see also Le Delliou et al. [43] for

discussion recent observational constraints.

Let us consider two basic equations which determine the evolution of FRW cosmological
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models
ä

a
= −1

6
(ρ + 3p) (8)

ρ̇ = −3H(ρ + p). (9)

Equation (8) is called the accelerated equation and equation (9) is the conservation (or

adiabatic) condition. Equation (8) can be rewritten to the form analogous to the Newtonian

equation of motion

ä = −∂V

∂a
, (10)

where V = V (a) is potential function of the scale factor a. To evaluate V (a) from (10) via

integration by parts it is useful to rewrite (9) to the new equivalent form

d

dt
(ρa3) + p

d

dt
(a3) = 0. (11)

From (8) we obtain
∂V

∂a
=

1

12
(ρ + 3p)d(a2). (12)

It is convenient to calculate pressure p from (11) and then substitute to (12). After simple

calculations we obtain from (12)

∂V

∂a
= −1

6

[
a2 dρ

da
+ ρd(a2)

]
. (13)

Therefore

V = −ρa2

6
. (14)

In formula (14) ρ means effective energy density of the fluid filled the Universe.

We find very simple interpretation of (8): the evolution of the Universe is equivalent to

motion of the particle of unit mass in the potential well parameterized by the scale factor. In

the procedure of reduction of the problem of FRW evolution to the problem of investigation

dynamical system of Newtonian type we only assume that effective energy density satisfies

the conservation condition. We do not assume the conservation condition for each energy

component (or noninteracting matter sectors).

Equations (8) and (9) admit the first integral which usually called the Friedmann first

integral. This first integral has a simple interpretation in the particle-like description of the

FRW cosmology, namely energy conservation

ȧ2

2
+ V (a) = E = −k

2
, (15)
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where k is the curvature constant and V is given by formula (14).

Let us consider the universe filled with two components fluid

ρ = ρm + ρX , p = 0 + wXρX , (16)

where ρm means energy density of usual dust matter and ρX denotes energy density of dark

energy satisfying the equation of state pX = wXρX , where wX = wX(a). Then equation (11)

can be separable on dark matter and dark energy sectors which in general can interacts

d

dt
(ρma3) + 0 ∗ d

dt
(a3) = Γ

d

dt
(ρXa3) + wX(a)ρX

d

dt
(a3) = −Γ

In our previous paper [44] it was assumed that

Γ = αan ȧ

a
, (17)

which able us to integrate (17) which gives

ρm =
C

a3
+

α

n
an−3 (18)

dρX

da
+

3

a
(1 + wX(a))ρX = −αan−4. (19)

The solution of homogeneous equation (19) can be written in terms of average wX(a) as

ρX = ρX,0a
−3(1+wX(a)), (20)

where

wX(a) =

∫
wX(a)d(ln a)

d(ln a)
. (21)

The solution of nonhomogeneous equation (19) is

ρX = −
[∫ a

1

an−1+3wX(a)da

]
a−3(1+wX(a)) +

CX

a3(1+wX(a))
. (22)

Finally we obtain

ρeff ≡ 3H2 + 3
k

a2
= ρm + ρX = (23)

Cm

a3
+

α

n + 1
an−3 +

CX

a3(1+wX(a))
−

[∫ a

1

an−1+3wX(a)da

]
a−3(1+wX(a)) +

CX

a3(1+wX(a))
.

The second and last terms origin from interaction between dark matter and dark energy

sectors.
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Let us consider the simplest case of wX(a) =const= wX(a). Then integration of (22) can

be performed and we obtain

ρeff =
Cm

a3
+

CX

a3(1+wX)
+

Cint

a3−n
(24)

where Cint = α
n
− α

n−3wX
. In this case we obtain one additional term in ρeff or in the Friedmann

first integral scaling like a2−n. It is convenient rewrite the Friedmann first integral to the

new form using dimensionless density parameter. Then we obtain

(
H

H0

)2

= Ωm,0(1 + z)3 + Ωk,0(1 + z)2 + Ωint(1 + z)3−n + ΩX,0(1 + z)3(1+wX). (25)

Note that this additional power law term related to interaction can be also interpreted

as the Cardassian or polytropic term [45, 46] (one can easily show that the assumed form

of interaction always generates a correction of type am,m = 1 − n, in the potential of the

ΛCDM model and vice versa). Another interpretation of this term can origin from Lambda

decaying cosmology when Lambda term is parametrized by the scale factor [47].

In the next section we draw a comparison between the above model with the assumption

that wX(a) = const = −1 and the ΛCDM model.

III. RESULTS

To compare the ΛCDM model with the interacting ΛCDM model we use the SNIa data,

constraints from the CMB shift parameter, constraints from SDSS parameter A as well as

H(z) observational data.

We use N1 = 192 SNIa data [48–50]. In this case the likelihood function has the following

form

LSN ∝ exp

[
−1

2

(
N1∑
i=1

(µtheor
i − µobs

i )2

σ2
i

)]
, (26)

where σi is known, µobs
i = mi − M (mi–apparent magnitude, M–absolute magnitude of

SNIa), µtheor
i = 5 log10 DLi +M, M = −5 log10 H0 + 25 and DLi = H0dLi, where dLi is the

luminosity distance, which with the assumption k = 0 is given by dLi = (1 + zi)c
∫ zi

0
dz′

H(z′) .

We also include information obtained from the CMB data. Here the likelihood function

has the following form

LR ∝ exp

[
−(Rtheor −Robs)2

2σ2
R

]
, (27)
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where R is the so called shift parameter, Rtheor =
√

Ωm,0

∫ zdec

0
H0

H(z)
dz, and Robs = 1.70±0.03

for zdec = 1089 [2, 51].

As the third observational data we use the measurement of the baryon acoustic oscillations

(BAO) from the SDSS luminous red galaxies [52]. In this case the likelihood function has

the following form

LA ∝ exp

[
−(Atheor − Aobs)2

2σ2
A

]
, (28)

where Atheor =
√

Ωm,0

(
H(zA)

H0

)− 1
3
[

1
zA

∫ zA

0
H0

H(z)
dz

] 2
3

and Aobs = 0.469± 0.017 for zA = 0.35.

Finally we used the observational H(z) data (N2 = 9) from [53] (see also [54, 55] and

references therein). This data based on the differential ages ( dt
dz

) of the passively evolving

galaxies which allow to estimate the relation H(z) ≡ ȧ
a

= − 1
1+z

dz
dt

. Here the likelihood

function has the following form

LH ∝ exp

(
−1

2

[
N2∑
i=1

(H(zi)−Hi(zi))
2

σ2
i

])
,

where H(z) is the Hubble function, Hi, zi are observational data.

The final likelihood function is given by

L = LSNLRLALH , (29)

with the number of data points N = 192 + 1 + 1 + 9.

To obtain the values of AIC and BIC quantities we perform the χ2 = −2 ln L minimization

procedure after marginalization over the H0 parameter in the range < 60, 80 >. The values

of Bayesian evidence as well as effective number of model parameters were obtained using the

MCMC algorithm called nested sampling [56] which implementation to the cosmological case

is available as a part of the CosmoMc code [57, 58] called CosmoNest [18, 19, 32, 59] which

was changed for our purpose. We assume flat prior probabilities for the model parameters

in the range: H0 ∈< 60, 80 >, Ωm,0 ∈< 0, 1 >, Ωint ∈< −1, 1 >, 3 − n ≡ m ∈< −10, 10 >.

The values of evidence and Cb were averaged from the eight chains. Results are presented

in Table I.

Analysing the value of difference between the AIC quantity one can conclude that there

is substantial support for the interacting ΛCDM model with respect to the ΛCDM model

while the difference between the BIC quantity to the conclusion that there is strong evidence

against the more complex model. The logarithm of the Bayes factor quantity confirm the first
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TABLE I: Values of ∆AIC, ∆BIC, lnB with respect to the ΛCDM model and Cb for both models.

model ∆AIC ∆BIC lnB Cb

ΛCDM 0 0 0 0.7 ± 0.1

Int ΛCDM 1.28 7.9 1.7 ± 0.4 1.5 ± 0.2

conclusion there is only weak evidence in favor of the ΛCDM model. Analysing the effective

number of model parameters we can conclude that the data sets used in evaluation are not

enough informative to constrain all model parameters: in the ΛCDM case there is nearly one

parameter which is well constrained by the data while in the case of its generalisation the

number of effective parameters is equal to 1.5 (whereas number of all considered parameters

is equal to 4 here).

IV. CONCLUSION

We presented the methods of model comparison coming from information as well as

bayesian theory. Both of them include the Occam’s razor principle which states that if two

models describe the observations equally well we should choose the simpler one. According

to Akaike and Schwarz rule the model complexity is interpreted in the term of number of free

model parameter while according to the Bayesian evidence more complex model wast greater

volume of the parameter space. Finally we present the quantity which measure the effective

number of model parameters which the data used in analysis can constrain. This quantity

is also called the Bayesian complexity and reduce to the number of free model parameters

when the data set is highly informative. We use those methods to answer the question

if we should prefer the generalisation of the simplest ΛCDM model where the interaction

between dark matter and dark energy sector is allowed. The AIC and bayesian evidence give

similar results: there is only weak evidence to favor the ΛCDM model over the interacting

ΛCDM one. This is with contrary with the conclusion from the analysis of the BIC quantity:

here there is a strong evidence to favor the ΛCDM model. The analysis of the Bayesian

complexity gives that data sets considered carry not enough information to constraint all

parameters allows to vary in the considered models.
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